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Abstract. The three fundamental geometric components of Yang- 
Mills theory -gauge held, gauge hxing and ghost held- are unihed in 
a new object: an extended connection in a properly chosen princi- 
pal hber bundle. To do this, it is necessary to generalize the notion 
of gauge hxing by using a gauge hxing connection instead of a sec- 
tion. From the equations for the extended connections curvature, 
we derive the relevant BRST transformations without imposing 
the usual horizontality conditions. We show that the gauge helds 
standard BRST transformation is only valid in a local trivialization 
and we obtain the corresponding global generalization. By using 
the Faddeev-Popov method, we apply the generalized gauge hxing 
to the path integral quantization of Yang-Mills theory. We show 
that the proposed gauge hxing can be used even in the presence of 
a Gribovs obstruction. 
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I. Introduction 

It is our objective in the present work to show how the main geomet- 
ric structures of Yang-Mills theory can be unified in a single geometric 
object, namely a connection in an infinite dimensional principal fiber 
bundle. We will show how this geometric formalism can be useful to the 
path integral quantization of Yang-Mills theory. Some of the historical 
motivations for the study of an extended connection in Yang-Mills the- 
ory are the following. In the beginning of the 80's Yang Mills theory 
was at the center of important mathematical developments, especially 
Donaldson's theory of four manifolds' invariants |2J and Witten's in- 
terpretation of this theory in terms of a topological quantum field the- 
ory [23] (for a general review on topological field theories see Refs.[H], 
[8]). A central aspect of these theories is the study of the topological 
properties of the space where is the configuration space of 

connections in a G-principal bundle P — > M and 3f the gauge group of 
vertical automorphisms of P. It is possible to show that under certain 
hypotheses one obtains a ^-principal bundle structure srf — ► st '/Sf [9]. 
The non-triviality of many invariants is then intimately linked with the 
topological non-triviality of this bundle. In Ref. [3 J Baulieu and Singer 
showed that Witten's theory can be interpreted in terms of the gauge 
fixed version of a topological action through a standard BRST proce- 
dure. To do so, the authors unify the gauge field A and the ghost field c 
for Yang-Mills symmetry in an extended connection u = A + c defined 
in a properly chosen principal bundle. The curvature & of uj splits 
naturally as & = F + if) + 0, where if) and (f> are the ghost for the topo- 
logical symmetry and the ghost for ghost respectively (the necessity of 
a ghost for ghost is due to the dependence of the topological symmetry 
on the Yang-Mills symmetry). By expanding the expressions for the 
curvature & and the corresponding Bianchi identity, the BRST trans- 
formations for this topological gauge theory are elegantly recovered. It 
is commonly stated that the passage from this topological Yang-Mills 
theory to the ordinary (i.e. non-topological) case is mediated by the 
horizontality (or flatness) conditions, i.e. by the conditions if) = <f> = 
(see Refs.[2], |3j, [22]). In this case, an extended connection uj = A + c 
can also be defined for an ordinary Yang-Mills theory with a horizontal 
curvature of the form & — F. 

In this work, an extended connection A for an ordinary Yang-Mills 
theory will be defined as the sum of two factors. The first factor is 
a universal family A u parameterized by stf of connections in the G- 
principal bundle P — > M. The second factor is an arbitrarily chosen 
connection r\ in the ^-principal fiber bundle srf — > srf 1*$ . We will 
show that the connection t] encodes the ghost field that generates the 
BRST complex. In a local trivialization the ghost field can be identified 
with the canonical vertical part of the connection 77, which corresponds 
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to the Maurer-Cartan form of the gauge group £f [BJ. Alternatively, 
the ghost field can be considered a universal connection in the gauge 
group's Weil algebra. The connection 77 can then be defined as the 
image of this universal connection under a particular Chern-Weil ho- 
momorphism. We will then argue that the connection 77 also defines 
what might be called generalized gauge fixing. In fact, the connec- 
tion 77 defines a horizontal subspace at each point of the fiber bundle 
s$ — > srf ' '. These subspaces can be considered first order infinitesi- 
mal germs of sections. The significant difference is that the connection 
r\ induces a global section a v in a fiber bundle associated to the space 
of paths in srf /5f . In fact, the section a v assigns the horizontal lift 
defined by 77 to each path [7] C j^/W. Since the path integral is not 
an integral in the space of fields £/, but rather an integral in the space 
of paths in the section a v allows us to eliminate the gauge group's 
infinite volume in the corresponding path integral. We will then show 
that the gauge fixed action corresponding to the generalized gauge fix- 
ing defined by 77 can be obtained by means of the usual Faddeev-Popov 
method. One of the main advantages over the usual formulation is that 
the connection 77 is globally well-defined even when the topology of the 
fiber bundle srf — > is not trivial (Gribov's obstruction). In this 

way, the existence of a generalized notion of gauge fixing demonstrates 
that the Faddeev-Popov method is still valid even in the presence of a 
Gribov's obstruction. It is worth stressing that the extended connec- 
tion A encodes not only the gauge and ghost fields (as the connection 
u = A + c in Ref. [3]), but also the definition of a global gauge fixing of 
the theory. We will then show that the proposed formalism allows us to 
recover the BRST transformations of the relevant fields without impos- 
ing the usual horizontality conditions ([2], [I], [22])- This implies that 
the extended connection's curvature F does not necessarily have the 
horizontal form F = F. Moreover, we will show that the gauge field's 
standard BRST transformation is valid only in a local trivialization 
of the fiber bundle srf — > s$ ' ' . We will then find the corresponding 
global generalization. 

The paper is organized as follows. In section [III we define the ex- 
tended connection. In section II I II we study the curvature of this con- 
nection and show how the curvature forms induce the BRST trans- 
formations of the different fields. In section IIVI we study the relation 
between the gauge fixing connection and the ghost field. In section [V] 
we define the generalized gauge fixing at the level of path integrals. 
In section |VT] we calculate the gauge fixed action by means of the 
Faddeev-Popov method. In the final section we summarize the pro- 
posed formalism. 
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II. Extended Connection 

Let M. denote space-time. We will suppose that it is possible to 
define a foliation of M. by spacelike hypersurfaces. This foliation is 
defined by means of a diffeomorphism l : A4 — > R x M, where M is 
a smooth 3-dimensional Riemannian manifold. We will also assume 
for the sake of simplicity that M is compact. Let G be a compact 
Lie group with a fixed invariant inner product in its Lie algebra g and 
let V — > A4 be a fixed G-principal bundle. Using the diffeomorphism l 
and the fact that IR is contractible, we can assume that the fiber bundle 
V — > A4 over the space-time Ai is the pullback of a fixed G-principal 
bundle P — > M over the space M 

V = p* st (P) -P 



where p s t : M. ~ R x M — > M is the projection onto the second factor. 
We will denote by Ad(P) the fiber bundle P x G G — ► M associated 
to the adjoint action of G on itself and by ad(P) the vector bundle 
P x g ~ M associated to the adjoint representation of G on g. The 
gauge group £f is the group of vertical automorphisms of P. It can be 
naturally identified with the space of sections of Ad(P). Its Lie algebra 
£ie(W) is the space of sections of ad(P). Its elements can be identified 
with G-equi variant maps g : P — ► g. 

In the case of a principal fiber bundle over a finite dimensional man- 
ifold with a compact structure group, there are three equivalent defini- 
tions of connections [HI Chapter 2]. In what follows, we will also con- 
sider connections on infinite dimensional spaces (see Refs. [TT] . [T5]). 
For the general case, we will use the following as the basic defini- 
tion [T5] . 

Definition 1. Let K be a Lie group with Lie algebra t and let E ^ X 
be a K -principal bundle over a manifold X (both K and X can have 
infinite dimension). A connection on E is an equivariant distribution 
H, i.e. a smooth field of vector spaces H p C TE P (with p G E) such 
that 

(1) For all p G E there is a direct sum decomposition 

TE P = H p ® kerdiTp. (1) 

(2) The field is preserved by the induced action of K on TE, i.e. 

Hpg Rg*Hp, 

where R g * denotes the differential of the right translation by 
geK. 
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As in the finite dimensional case, we can assign to each connection 
a A-equivariant £- valued 1-form uj on E such that H p = ker uj. The 
action of K on 6 is the adjoint action. 

A connection can also be considered a A-invariant splitting of the 
exact sequence 

(J 

^kerdTr— ^TE^—^r*TX 0, (2) 

where n*TX — > E is the pullback induced by the projection n : E — > A 
of the bundle TA — > A. In this sequence H p = a(TT*T n ^X). Given a 
connection uj on E the splitting considered in equation ([2]) induces an 
isomorphism TE ~ tt*TX © ker c?7r. 

The bundle Ty-E = ker c?7r is called the bundle of vertical tangent vec- 
tors. This bundle is intrinsically associated to the definition of principal 
bundles. Given a connection, the isomorphism TE ~ n*TX © ker d,7r 
induces a projection IT^ : TE — > TyE. By definition, the vertical cotan- 
gent bundle TyE is the annihilator of a (tt*TX). In other words, a k- 
form a is vertical if and only if it vanishes whenever one of its arguments 
is a vector in o (tt*TX). It is worth noticing that the definition of the 
bundle T V E requires a connection. The sections of fty(E) = A k T v E 
are called vertical k-forms. By definition, the connection form uj is a 
vertical form. 

Given a connection there is a decomposition of the de Rham differ- 
ential on E 

d-E = d H + d v (3) 

into a horizontal and a vertical part. The horizontal part corresponds to 
the covariant derivative. The vertical part is defined by the expression 

d v a(X 1 , ...,X n ) = da(U^X u . . . , n^A n ), (4) 

where a is a (n — l)-form. The vertical forms Q V (E) equipped with 
the vertical differential dy define the vertical complex. 

Let's now suppose that it is possible to define a global section a : 
X — > E. This section defines a global trivialization (p a : A x K —>■ E, 
where (p a (x,g) = o~(x) ■ g. This trivialization induces a distinguished 
connection u a on E such that the pullback connection Cj a = ^* a uj a co- 
incides with the canonical flat connection on A x K [IB]. Roughly 
speaking, the horizontal distribution defined by uj a at p = a(x) is tan- 
gent to the section a. The vertical complex defined by the connection 
ujcr can be naturally identified with the de Rham complex of K. This 
implies that dy = dx- Since the connection form uj^ is a t- valued 
X-invariant vertical form, it can be identified with the Maurer-Cartan 
form 9mc of the group K. On the contrary, a general connection u 
defines a splitting of TE which does not coincide with the splitting 
induced by the section a. In other words, the horizontal distribution 
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defined by 00 is not tangent to a. In fact, the pullback connection (p*oo 
at (x, g) can be written as a sum 

ip* a w = ad g -iw + 6 M c, (5) 

where w = a*cu e fi 1 (X) ® t and 9 M c E £* ® t is the Maurer-Cartan 
form of K [7j. 

We will denote connections on the G-principal fiber bundle P — > M 
by the letter A. In a local trivialization P\u ~ U x G we have an 
induced local t- valued 1-form v4;y. The forms Ajj are the so-called 
gauge fields [lljE The configuration space of all connections is an afline 
space modelled on the vector space Q 1 (M, g) consisting of 1-forms with 
values on the adjoint bundle ad(P). The gauge group £f acts on this 
configuration space by afline transformations. We will fix a metric g 
on M and an invariant scalar product tr on g. These data together 
with the corresponding Hodge operator * induce a metric on Q l (M, g). 
Hence, a metric can be defined in the spaces fl k (M, g), k > 1, by means 
of the expression 

{Q u fia) = / tr(fii*fi 2 ). (6) 

J M 

Since the action of £f on the configuration space of connections is 
not free, the quotient generally is not a manifold. This problem can 
be solved by using framed connections The letter srf will denote 
the space of framed connnections of Sobolev class 1? { _ X for the metric 
defined in (jSJ), where I is a fixed number bigger than 2. The group £f 
is the group of gauge transformations of Sobolev class Lf. The action 
of on ^ is free (see Ref.JHl section 5.1.1]). We will denote by SB 
the quotient . Uhlenbeck's Coulomb gauge fixing theorem (see 
Ref.pl section 2.3.3]) implies, for a generic metric g, local triviality. 
Hence — > SS is a ^-principal bundle. 

The initial geometric arena for our construction is the pullback G- 
principal bundle p*(P) — > =2/ x M, which is obtained by taking the 
pullback of the bundle P — > M by the projection srf x M M . The 
bundle p*{P) can be identified with i/xP: 

p*(P) = ^ x P ^ P 

srf Y. M — M. 



In a covariant framework, the connection ^4 can be regarded as the spatial part 
of a connection A on V — > A^. In fact, since we can identify T 3 with IxP each 
connection A has a canonical decomposition A = + Ao(i)<f£, where A(i) is 
a time-evolving connection on P and Ao(i) is a time-evolving section of ad(P) = 
P x a 0- The action of the gauge group ^ on A$ is induced by the natural action on 
associated bundles. This action is the restriction of the action of the automorphism 
group of V to {t} x M. 
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The gauge group £f has an action on srf x M induced by its action 
on srf . This action is covered by the action of £f on p*(P) induced by 
its action on both s$ and P. 

Proposition 2. The bundle p*(P) — > ^ x M induces a G-principal 
bundle [TJ 

Q=(^xP)/^^^xM. 
We therefore have the following tower of principal bundles: 

{<? ^p*(P) = x P 

g 

G Q = K x P)/& 

p 

38 x M. 

The fiber bundle p*{P) = sdxP^srfxM can be considered 
a universal family (parameterized by the space suf) of fiber bundles 
P — > M with tautological connections A. The universal family A^ 7 
of tautological connections is defined in the following way. Let (A, x) 
be a point of ^ x M. Then the elements of the fiber of s$ X P 
over (A, sc) have the form (A, p), with p G 7r _1 (x). Let us fix one 
of these elements. Let i> G x P)(a,p) be a tangent vector such 

that 7T*(f) G TM C T(^/ x M) (i.e., v is tangent to a copy of P in 
x P). Then A c/ (w) = A(-u). We will write H u for the distribution 
associated to the family A u . For each element A G £/, the distribution 
if* 7 induces the distribution Ha on TP defined by the connection A. 
The universal family of connections A u allows us to define parallel 
transports along paths contained in any copy of M inside srf x M . 

Let's now pick a connection in the ^-principal bundle — > 38. This 
connection will be defined by means of a 1-form rj G ® Cie(&). 

We will denote by 7i v the corresponding equivariant distribution. This 
connection will define a generalized notion of gauge fixing!! In fact, 
let's suppose that it is possible to define a global gauge fixing section 
a : 38 — > stf . This section defines a global trivialization ip a : 38 x — > 
s$ '. One can then define an induced flat connection T] a on srf — > 38 
such that the corresponding distribution Tt na is always tangent to a. 
In other words, the pullback yf a r\ a coincides with the canonical flat 
connection on 38 x <S (see Ref.[16j). This shows that a global gauge 
fixing section a can always be expressed in terms of a flat connection 

2 In Ref. pjj] the authors analyze the particular case of the Coulomb connection 
for a SU(2) Yang-Mills theory on S 3 x R. The authors point out that in the 
absence of a global section, the gauge can be consistently fixed by means of such a 
connection. 
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rj a . On the contrary, a connection r/ can not in general be integrated 
to a section. A local obstruction is the curvature and a global one the 
monodromy. Besides, it is always possible to define a global connection 
77, even when the topology of the fiber bundle stf — > SS is not trivial 
(Gribov's obstruction). In sections IVl and PVTI we will use the connection 
1] as a generalized gauge fixing for the path integral quantization of 
Yang-Mills theory. In particular, we will show that the connection rj 
does not have to be flat in order to induce a well defined gauge fixing. 

Let's consider now a particular example of a gauge fixing connection. 
Due to the affine structure of srf there is a canonical diffeomorphism 
Tst ~ srf x Q 1 (M, g). We will consider Q 1 (M, g) with the inner prod- 
uct defined by (jSJ). Since ad(P) is a vector bundle associated to the 
principal bundle P, any connection A on P induces a covariant deriv- 
ative 

d A :n\M,g)^n k+1 (M,g). 

Let 

d* A :Q k+1 (M,g)^n k (M,g) 

be the adjoint operator. This is a differential operator of first order. 
Define 

Ha : Ker{d A : Q 1 (M,g) -> fi°(M,g)}. (7) 

Then Ti^ defines a connection on srf called the Coulomb connection 
(see for example Ref.p, p. 56]). 

The distribution 7i v together with H u define a smooth distribution 
^Fon Tp*(P). If (A, p) e p*(P), then 

^A, P ) = n r ,{A)@H u {A){p). 

Proposition 3. The distribution ffl is transversal to the orbits of the 
action of£ on srf x P and to the fibers of p*(P) — > srf x P. 

Proof. Let (A, p) e p*{P). Then we have two homomorphisms of vec- 
tor spaces l : g — > T p P and k : £ze(£f ) — > T A s^ ' ■ These homomorphisms 
are induced by the principal bundle structures of P and s$ ' . For each 
point p there is also a homomorphism of Lie algebras r v : Liei^S) — ► g 
given by r p (fl) = fl(p), where we use the identification of the elements 
of £ie(@) with equivariant maps q : P — > g. With these definitions the 
tangent space to the orbit Fc? of the action of Sf at the point (A, p) is 
equal to 

TF&(A, p) = {v - v E T A ^ ® T P P | v = /c(fl) and*; = l{t p {q))} . (8) 

The tangent spaces to the orbits are contained in the sum of the 
tangent spaces to the orbits in srf and P. The proposition follows from 
the fact that the connections are transversal to these spaces. □ 
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Remark 4. The distribution Jif does not define a connection onp*(P) - 
stf x M due to the fact that the tangent space at (A, p) has a decom- 
position 

Tp*(P) {A ,p) = TF^(A, p)® H v (A)®H u (A)( P ) ®l(q), 

being l(q) the vertical subspace. Hence, the distribution M 1 does not 
define vector spaces complementary to the vertical subspace l,(q). How- 
ever there is a reason for the introduction of this distribution which is 
explained by the following Lemma. 

Lemma 5. The distribution Jrf? is & -invariant and induces a connec- 
tion J? onQ = (srf x P)/& -> & x M. 

This lemma follows from the invariance of the distributions TC V and 
H v . 

Let $ be the connection on the bundle p*{P) — > srf x M obtained as 
the pullback of the connection J4? by the projection srf x M — > M x M. 
This pullback can be understood either in the language of distributions 
or in the language of forms. Let's consider the diagram 



p*(P) = $4 x P 




® x M. 



The map q : p*(P) — > Q induces a map q* : Tp*(P) — > TQ. 
At each point (A, p) the subspace of T(a, p )P*(P) which defines $ is 
q^ l {^q(A,p))- The g-valued 1-form Ae fl 1 {&t xP)0g associated to 
$ is the pullback by q of the 1-form associated to M' . We will now 
identify this distribution and this 1-form. 

The distribution which defines the new connection at each point 
(A,p) is the direct sum 

S M = TF^(A, p) ® Hr,{A)®H u {A){p\ . (9) 

If (A,p) G st x P and v = vi + v 2 G T A srf © T P P, then we define a 
Q- valued 1-form A on &/ x P given by 

A(v)=Af Ap) (v 2 )+r ] (v 1 )(p). (10) 

We will now show that the horizontal distribution defined by A is 
effectively given by (jHJ). 
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Lemma 6. If v e TF^p) © 3%{a,p), then A(v) = 0. 
Proof, (i) Ifv G H u (A)(p) C J^a,p), then 



A(v) = A\ J Ap) (v) = A(v) = 

by definition of the connection A. 
(ii) If v G H V (A) C J^U, P ), then 

A(v) = T){v){p) = 

by definition of the connection rj. 

(Hi) If v = k(q) - t(r p (fl)) G TF( A)P ), then 

= -Af A)P) ( i (r p (fl)))+7/(K( fl ))(p) 



= -A( 4 (T p (B)))+^(«( fl ))(p) 

= -Tp(g)+fl(p) 

= o, 



where we have used that by definition of connection A o t = id s and 



Remark 7. It is the gauge fixing connection H. v that allows us to make 
the decompositions ([9]) and ( flOl) of the horizontal distribution $ and 
the corresponding 1-form A. The reason is that these kinds of decom- 
positions require the choice of a complement to a subspace of a vector 
space. 

Remark 8. An important difference with the work of Baulieu and 
Singer for topological Yang-Mills theory is that in Ref.^\ the connec- 
tion u is a natural connection, which is defined by using the orthogo- 
nal complements to the orbits of G. In order to define this orthogonal 
complements one uses the fact that the space x P has a Riemannian 
metric invariant under & x G (see Ref.[l\ for details). In our case the 
connection A, being tautological in the factor P, is not natural in the 
factor , in the sense that the gauge fixing connection rj can be freely 
chosen. This freedom is in fact the freedom to choose the gauge. 

III. Extended curvature and the BRST complex 

In this section we will begin to consider the rich geometric structure 
induced by the connection JriC . We will do this through the pullback 
form A and its curvature F. Since we have a diffeomorphism p*(P) — 
s$ x P, the de Rham complex of g- valued forms on p*(P) is the graded 
tensor product of the de Rham complexes of srf and P, i.e. 



This fact has two consequences. Firstly, the forms we are considering 
are naturally bigraded. Secondly, the exterior derivative A in p*(P) can 
be decomposed as A = 5 + d, where 5 and d are the exterior derivatives 



T] O K = iduetcf). 



□ 



Vt(p*{P)) ® ~ W{sf) ® n*{P) ® 0. 



(11) 
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in srf and P respectively. Since the forms that we are considering are 
equivariant forms, the right complex to study these forms is 

n*(*0<8i(n*(p)®Gg). (12) 

Since 

® ( fi °( p ) ®g fl) - ^*K) ® Cie(9), (13) 
the £ze(Sf)-valued equivariant /c-forms on ^ can be considered as ele- 
ments of bidegree (k, 0) of the complex (fT2"j) . In particular the connec- 
tion form 77 defines an element of bidegree (1,0) of this complex. 

Using the splitting of the exterior derivative and the decomposition 
of forms we obtain the following decomposition of the curvature F: 

F = AA + l - [A, A] = F( 2 -°) + F* 1 ' 1 ) + F^ 2 \ 

where 

F (2 ' 0) = Sti+^[ V , V ] = <I>, (14) 

F (i,i) = SA U + dr]+[A u ,r]]=^j, (15) 

F (o,a) = dA u + 1 [ A f/ ) A t/j = F c/_ (16) 

The (0, 2)-form F 17 is the universal family of curvature forms cor- 
responding to the universal family of connections A u . In this sense, 
equation ( fT6|) is the extension to families of the usual Cartan's struc- 
ture equation. The (2, 0)-form is the curvature of the connection 77. 
The (1, l)-form tp is a mixed term which involves both the gauge fields 
and the gauge fixing connection. This last term shows that this con- 
struction mixes in a non-trivial way the geometric structures coming 
from the fiber bundles P — > M and s$ — > SB. 

We will now decompose equations (I14p and (1151) in order to recover 
the usual BRST transformations of the gauge and ghost fields. Let 
Qy(£/) for k > be the vertical differential forms induced by rj. We 
define Q v (^/) = C°°(stf). The differential of the de Rham complex 
of srf induces a differential by on the vertical forms. The complex 
Q, v (&/) ® Q*(P) ®g will be termed the vertical complex. 

This decomposition shows that we can identify the vertical complex 
with a subcomplex of ® Q*(P) ®g g. Via this identification, 

the (l,0)-form 77 can be identified with a vertical form. In particular, 
we see that the (1, l)-forms have a decomposition in two terms, one of 
which is the part of degree (1,1) of the vertical complex. 

We will now write the explicit decomposition of both sides of the 
equation ( JT51) . Let 5 = 5y + 5h be the decomposition of the de Rham 
differential on induced by 77. On degree (0, *) the decomposition 
is given by the following definition. Let pv and pu be the projectors 
onto the factors associated with the decomposition into vertical and 
horizontal forms. If we think of elements of tt° (gf) ® ^{P) ®g as 
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fi 1 (P) ® G g- valued functions on =sz/, then 5 has a natural decomposition 
5 = 8y + 5h, where 5y = py ° 5 and o~h = Ph ° 8. 

The universal family of connections A u can be interpreted as a func- 
tion A* 7 : srf — > ®g 0- We have a splitting 

5A U = S V A U + S H A U e C^OO ® ft x (P) ® G , 

where 8yA u is an element of the vertical complex. The universal family 
of connections A u induces a family of connections on each of the vector 
bundles associated to P and in particular on ad(P). This family of 
connections can be seen as a homomorphism 

d A u : p*(£ie(&)) -> p* (n\P) ® g) , (17) 

given on each copy {A} x Cie{^) by the covariant derivative (La '■ 
Cie(&) — > ^(P) <S> Cie{%?) associated to the connection A. Recall that 
sections of ad(P) can be seen as equivariant functions P — > q and that 
the covariant derivative is (1a = don a, where d is the exterior derivative 
in P and tta '■ TP — > TP is the horizontal projection. These construc- 
tions are equivariant, which explains the codomain in equation (1171) . 
The term d A urj is by definition the extension 

l®d A u : Q x {*f)®Cie(9) = ti L (ji/)®(n (P)®GB) -> ^ 1 K)®^ 1 (P)®G0 

applied to rj. Since the homomorphism 1 <S> d A u acts on the second 
factor, it preserves vertical forms. It follows that d A ui] = drj + [A u , rj] is 
a vertical form. From these remarks we see that the vertical summand 
of the left hand side of equation (IToT) is 

5 v A u + dr]+ [A u , rj}. (18) 

We will consider now the right hand side of the equation (IT5J) . We 
will demonstrate the following proposition. 

Proposition 9. The element ip is horizontal for the connection 77. 

Proof. Since the connection A is the pullback of a connection on the 
G-fiber bundle Q = {stf x P) f@ —> stf /<& x M the same is true for the 
curvature F. If we denote ui,^ and T^p for the connection and curvature 
forms of the distribution J^ 5 on Q, then one has 

A = q*ujjp, 

F = q*Fjr, 

where q is the projection x P — ► Q = x P)/£f. 

If X is a vector tangent to the fibers TP^ of the action of £f on ,g/ x P 
then the contraction «xF is equal to ixq*^F,^° = i>q*xJ~jf- Since X has 
the form X = (v, — v) G TPg? with TP^ given by (jHJ), then g*X = 0. 
This results from the fact that the vectors tangent to £f are projected 
to zero when we take the quotient by the action of <S . Hence, the 
contraction of the curvature F with a vector X = (v, —v) tangent 
to the fibers given by (jHJ) is zero: 
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l( v - v )W = l q *(y-v)Fjt? = 0. (19) 

An analysis of the different components of F shows that 

• i(y _„)F( 2 '°) = 2( V )F( 2 '°) = since F^ 2,0 ) is induced by the connection 
7] and v is vertical for this connection. 

• Z( Vj _„)F(°' 2 ) = i_ v W( 0,2 ^ = since F^ 0,2 ) is induced by the connection 
A and — v is tangent to the fibers of p*{P) x P. 

• i^yF^ 1 ' 1 ' = since —v is tangent to the fibers of p*(P) — > stf x P. 
From these remarks and equation f)19p it follows that 

= 2 (V ,-,) F = V,-) F(1,1) = *vF (1 ' 1} = mA- 

□ 

The equation ( fTBT) then splits in the equations 

5 V A U = -d A urj, (20) 
ShA u = V- (21) 



The equation for the (2, 0)-form cf) can also be canonically decom- 
posed in components belonging to the vertical and horizontal com- 
plexes. The differential 5 acting on elements of Q 1 (^/) ® £ie(9?) = 
Q}(stf) ® fl°(P) ®c g also has a decomposition 6 = 5y + 8h, where 
5y = 5 o p v and 5h = 5 o pu- The horizontal part 5h corresponds to 
the covariant derivative with respect to the connection 77. Therefore 
we have a splitting 

S V = 5 v r] + 5 H v e Vl 2 {£/) <g> (0°(P) ® G g) = Q 2 (^) ® Cie(9). 

By definition of the curvature <fi associated to the connection 77 we 
have 

5 H rj = 0. (22) 
The vertical component of the equation is such that byr\ + 5hV = 
5r) = 4> — \ [i], v]- We have then 

tW = ~hv]- ( 23 ) 

In the next section we will show how the BRST transformations of 
the gauge and ghost fields can be obtained from equations ( J20l) and 
( 1231) respectively. 

IV. The relationship between the gauge fixing 

CONNECTION AND THE GHOST FIELD 

The proposed formalism allows us to further clarify the relationship 
between the gauge fixing and the ghost field. To do so, we shall first 
work in a local trivialization tp ai : U x £f — > tt^ 1 (Ui) defined by a local 
gauge fixing section Oi : U — > srf over an open subset Ui C . Let fj 
be the pull-back by tp ai of the connection form 77 restricted to n^ 1 (Ui). 
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As we have seen in section [TTJ the connection form 77 at ( [A] , g) G UiX& 
takes the form 

rj = adg-irji + 6 MC , (24) 

where rji = a*i] G (Ui)®Cie (5f ) is the local form of the connection 77 
and 6mc £ (5f )* ® £ie is the Maurer-Cartan form of the gauge 
group £f [Zj. The Maurer-Cartan form satisfies the equation 

8&9mc = — 2 [^c> ^c] • (25) 

The formal resemblance between this equation and the BRST trans- 
formation of the ghost field c led in Ref. [6] to the identification of Sbrst 
and c with the differential 8& and the Maurer-Cartan form Que of 
respectively. Hence, equation (124"1) shows that the ghost field can be 
identified with the canonical vertical part of the gauge fixing connection 
77 expressed in a local trivialization. 

We will now show that it is possible to recover the standard BRST 
transformation of the gauge field Sbrst A = —cIac from equation f[2"Ul) . 
To do so, we will first suppose that it is possible to define a global 
gauge fixing section a : SB — > srf . As we have seen in section [Til the 
associated trivialization tp a induces a distinguished connection r] a such 
that iplr] a = due- Therefore, equation ( 1201) yields in this trivialization 

5 W A U = -d AU 9 MC . (26) 

This equation is an extension to families of the usual BRST trans- 
formation of the gauge field A. If a global gauge fixing section cannot 
be defined, then it is possible to show that the usual BRST transfor- 
mation of A is valid locally. In fact, since 5yA u is a vertical form, 
the substitution of the local decomposition (|24l) in equation ( !20l) yields 
the BRST transformation (1261) . We can thus conclude that the usual 
BRST transformation of A given by (1261) is only valid in a local triv- 
ialization of —>■£//&. Therefore, equation (1201) can be considered 
the globally valid BRST transformation of the gauge field A. In fact, 
we will now show that equation f[2"U]) plays the same role as the usual 
BRST transformation of the gauge field. To do so, we have to take 
into account that the BRST transformation Sbrst A = —d^c defines a 
general infinitesimal gauge transformation of A [Sj. In order to obtain 
a particular gauge transformation from this general expression, it is 
necessary to choose an element £ G £ie(W). In doing so, the usual 
gauge transformation of A is recovered 

SA = (Sbrst A) (£) = -d A (c(0) = -d A £. (27) 

Let's now consider equation (|2T)]) . According to the definition of 
connections, = £, where is the fundamental vector field in 1W 
corresponding to £ G Lie (£f ). Therefore, equation (1201) yields 

= (6 V A U )$) = -d A v{v(fl) = -dA?£. 
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This equation is the universal family of infinitesimal gauge transfor- 
mations defined in (127)) . Therefore, equation (1201) can be consistently 
considered the globally valid extension to families of the usual BRST 
transformation of A. 

The identification of the ghost field with the canonical vertical part of 
the gauge fixing connection rj depends on a particular trivialization of 
the fiber bundle. Nevertheless, we will now show that it is also possible 
to understand the relationship between c and rj without using such a 
trivialization. To do so it is necessary to introduce the Weil algebra of 
the gauge group £f (see Refs.fTU]. [T5] . [2T|). The Weil algebra of a Lie 
algebra 6 is the tensor product W (6) = S*t* ® f\* t* of the symmetric 
algebra S*t* and the exterior algebra /\* t* of 6* (where 6 and 6* are 
dual spaces). Let T a and $ a be a base of t and £* respectively. The Weil 
algebra is then generated by the elements 6 a = 1 <8> $ a and £ a = -$ a ® 1. 
The graduation is defined by assigning degree 1 to 6 a and degree 2 
to C a - Let's define the elements 9 and ( in W (6) <g> t as = 9 a <g> T a 
and C = C° ® T a respectively. In fact, the element is the Maurer- 
Cartan form 6 MC of the group. The Weil's differential 5yy acts on 
these elements by means of the expressions 

5 w o = C-^M, 

SwC = ~[9,C\- 

These equations reproduce in the Weil algebra the Cartan's structure 
equation and the Bianchi identity respectively. What is important to 
note here is that the connection r] in the ^-principal bundle — > 
can be defined as the image of 9mc under a particular Chern-Weil 
homomorphism 

u : (W(£ie(&))®£ie(&),6 w ) — ► (fi* {sd) ® £ie(&), 6) 

Omc !-> V- 

Therefore, the Weil algebra is a universal model for the algebra of 
a connection and its curvature. In this way, a gauge fixing of the 
theory by means of a connection 77 can be defined by choosing a partic- 
ular Chern- Weil's immersion u of the "universal connection" 9mc into 
Q.*(srf) <8> £ie(&). Hence, the ghost field can be considered a universal 
connection whose different immersions u define different gauge fixings 
of the theory. 

We will now show that the usual BRST transformation of the ghost 
field can be recovered from equation (123)) . To do so, it is necessary to 
restrict the attention to the vertical complexes. Indeed, the connection 
i] G Q 1 <8> £ie(&) defines a homomorphism of differential algebras 

u v : (£ie(9)* <g> Cie(&), 8*) -> (O^(^) ® £ie(&), 8 V ), 
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with u>v(0mc) — V- This means that uv(5ya) = 8y{ujy{a)) for a G 
Cie(@)* (g) Cie{&). Therefore, equation (1231) yields 

8 v {u v (0mc)) = ~[uv(Qmc),uv{Omc)] 

LUv(8w&Mc) = Uv{— - [0MC, &Mc])- 

Therefore 

S^Omc = — 2 1®mc, ^Afc] > 
which coincides with the ghost field's BRST transformation. 

Remark 10. Contrary to what is commonly done in order to reobtain 
the BRST transformations for the ordinary (non-topological) Yang- 
Mills case, it has not been necessary to impose the horizontality condi- 
tions <p = ip = on the extended curvature ¥ (see for example Refs.^2\, 

V. Path integral gauge fixing 

V.l. Usual gauge fixing. The central problem in the quantization of 
Yang-Mills theory is computing the transition amplitudes 

([Ao] | [A]) = / exp{iS} W^tt, (28) 

Jt*V([Ao],[Ai]) 

where S is the canonical action, 3>A is the Feynman measure on the 
space of paths 

V([A ], [A,]) = { 7 : [0, 1] - *ySf I 7 (i) = [A], i = 0, 1}, 

in and Stir is a Feynmann measure in the space of moments. The 

canonical Yang-Mills's action is given by the expression 

S = Jdtjd'x {At^ - H (** B k ) - A^) , (29) 

with n k = F k0 and By. = ^e kmn F amn (where F^ n are the field strengths). 
The Yang- Mills Hamiltonian Ho (n k ,B k ) is 

n K fc , B k a ) = \ [vrM + B k Bt] , (30) 
and the functions <p a are 

<Pa = ~d k n k + r a y c A\. (31) 

The pairs (Al,7i k ) are the canonical variables of the theory. The 
temporal component Aq is not a dynamical variable, but the Lagrange 
multiplier for the generalized Gauss constraint <p a ~ 0. 

The geometry of the quotient space s# is generally quite compli- 
cated. The usual approach is to replace the integral ( 1281) with an inte- 
gral over the space of paths in the affine space stf . To do so, one must 
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pick two elements A { E tc 1 [A, i \ in the fibres [A^ G st {% = 0,1). 
Then one replaces the integral (12"H|) by 

(Aq | A x ) = [ exp{iS}@£/@n, (32) 

JT*V(Ao,Ai) 

where the integral is now defined on the cotangent bundle of the fol- 
lowing space of paths in st 

V(A , Ax) = { 7 : [0, 1] - st | 7(0) = Ao, 7 (1) = AJ. 

The problem with this approach is that it introduces an infinite vol- 
ume in the path integral, which corresponds to the integration over 
unphysical degrees of freedom. The projection n : sat — > &t '/Sf induces 
a projection 

n:V(A , Ax)^V([A ], [A 1 ]). 

The path group 

09 = {g(t) : [0, 1] - | 0(0) = ^(1) = z<M 

acts on V(Aq, Ai) by pointwise multiplication and the fibers of 7? con- 
sist of the orbits of the action of . Since the action S is invariant 
under the action of one needs to extract the volume of this group 
from the integral ( J32l) . In order to get rid of this infinite volume the 
usual approach is to fix the gauge by defining a section a : st —>■ st 
such that o"([v4j]) = Ai, i — 0, 1. The gauge fixing section a induces a 
map cr 



V(A , A 1 )^V([A ], [A,]), 

defined by <x( 7 ) = (T07, which is a section of 7r. This section cr induces 
a trivialization 

V(A , Ax)^V([A ], [Ax])x&& 

and a similar decomposition at the level of cotangent bundles. The 
ghost field appears when one computes the Jacobian which relates the 
corresponding measures. One can then use Fubini's theorem in order 
to extract the irrelevant and problematic factor. 

It is worth noting that the definition of a gauge fixing section a 
in the ^-principal fiber bundle of fields st — > st j<S is only an auxil- 
iary step for defining a section or of the <^£f-projection V(Ao,Ax) —> 
"P([ylo], [Ai]) in the space of paths where the path integral is actually 
defined. 

V.2. Generalized gauge fixing. We will now consider in which sense 
the connection rj can be used to fix the gauge. This gauge fixing will 
be globally well-defined, even if there is a Gribov's obstruction. We 
shall begin by considering paths in st such that the initial condition 



IS 



G. CATREN AND J. DEVOTO 



A is fixed and the final condition is defined only up to a gauge trans- 
formation (see Ref.[EI[ p. 123]). This means that the final condition 
can be any element of the final fiber 7r -1 L4i]. The corresponding space 
of paths is 

ViAo^lA,}) = {7 : [0, 1] - ^It(O) = 4>, 7r( T (l)) = [A,]}. 

The relevant path group is now 

&'9 = {g(t):[0, 1]-Sf|<7(0)=id*}. 

This group acts on V(A , n^ 1 ^^). This actions defines the projec- 
tion 

n-.PiAo^-^^VdAo], [A,]). 

It is easy to show that the action of the path group on V(Aq, 7r _1 [yli]) 
is free. We will not need to assume that it is a principal bundle. 

The gauge fixing by means of the connection rj is defined by taking 
parallel transports along paths in si of the initial condition Aq £ 
7r _1 L4o] (as has already been suggested in Ref.[l9]). This procedure 
defines a section of the projection 7r 



V^ic-^A^^VWiAM)- (33) 

The section cr^ sends each path [7] e P([A ], \Ai\) to its 77-horizontal 
lift 7 = tTr,([i\) e V{Ao,ir- l [Ai}) starting at A E Apath 7 e V(A , 7r _1 [Ai]) 
is in the image of cr v if and only if the tangent vectors to 7 at each 
A G s/ belong to the horizontal subspaces Tt v (A) defined by 77. Re- 
calling that H V (A) = Ker r](A), this local condition leads to the gauge 
fixing equation 

7K7W) = 0, VI (34) 
In local bundle coordinates this condition defines a non-linear ordi- 
nary equation. The explicit form of this equation is given in (1571) (see 
Ref.[T%] for details). In the case of the Coulomb connection defined in 
([7]), equation (J3"ll) becomes 

d; {t) ^t)=0, Vt. (35) 

This equation can be expressed in local terms on M and P for each rj. 

If 7r : X — > X/G is a quotient space by a principal action, then any 
section a : X/ G — > X induces a global trivialization $ : Xj GxG ^ X , 
where g) = cr{[x\)-g. It can be shown that $ is a diffeomorphism. 

It follows that the space of paths V(Aq, 7r _1 [yli]) can be factorized as 



3 The theorem of existence of parallel transport has been extended to infinite 
dimensions in Ref. \17\ Theorem 39.1]. It can be shown that under suitable as- 
sumptions the parallel transport depends smoothly on the path. We will therefore 
assume that the section cr^ is smooth and that its image is a smooth submanifold 
of V(Aq, 7t _1 [Ai]). By definition, this submanifold is transversal to the action of 
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P([A ], [Ax]) x A similar decomposition is induced at the level 

of cotangent bundles. 

Strictly speaking the path integral is not an integral on the space 
of fields but rather an integral on the space of paths. Hence, the 
section cr v induced by the connection 77 suffices to get rid of the infinite 
volume of the path group SP^i ' . 

Remark 11. The generalized gauge fixing can be also be defined as the 
null space of a certain functional as follows. The Lie algebra Cie(&) 
of the gauge group can be identified with the sections of the adjoint 
bundle ad(P). The invariant metric on g induces a metric < , > a d(P) on 
ad(P). Using this metric we define a & -invariant metric on Cie{^) = 
T(ad(P)) by 

(<?1, °~2)Cie{y) = < <Tl(p), 0- 2 {p) >ad(P) dx. (36) 

JM 

Then we define the functional T : V(A , vr -1 ^]) — > K by 

Hi)= fhm))\\liem dt ( 37 ) 

This is a positive functional and the image of the section a v is the 
null space of T . 

VI. Faddeev-Popov method revisited 

We will now proceed to implement the proposed generalized gauge 
fixing at the level of the path integral. To do so, we will show that 
the usual Faddeev-Popov method can also be used with this general- 
ized gauge fixing. We will then start by introducing our gauge fixing 
condition at the level of the transition amplitude 

(A I vr- 1 ^!]) = I exp{iS}@jf@n. (38) 

Jt*V(Ao,%-HAi]) 

The first possible form of the gauge fixing condition is 5(^(7)) where 
5 is the Dirac delta function on K and ^(7) the functional ( 1371) . This 
form is mathematically consistent and does not require any product of 
distributions. This gauge fixing condition has the direct exponential 
representation 

5(^(7)) = J d\e iX:FM 

= J d\e iX ^ imm dt 

= J d\e iX ^ fMWAf{m ° dxdt 

The second form is based on the elementary observation that the 
integral of a continuous positive function is zero if and only if the 
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function is zero at all points. One can then define the gauge fixing 
condition 



N 

5(77(7)) = lim[]W)^(7fe))) (39) 



k=i 

N M 

' k=i j=i 



where Sci e (^) is the delta function on Cie(W) defined as an infinite 
product of the Dirac delta 8 S on g. If T a is a fixed basis of g, we can 
write 8 s (r}(j(tk))(xj)) in terms of 5(rj('y(t k ))(xj) a ), where now the delta 
function is the usual delta function on R 3 . 
As usual we define the element A -1 ^] as 

a-%] = / gg'SM-yg')), (40) 

where 7(7' denotes the right action of on V(A , n^lAi]). 
Proposition 12. The element A -1 [7] is SP^ invariant. 
Proof. 

A" 1 [70] = / WHv(l99 , ))= f ®(99')6(v(l99')) 
: ®(g")6(r)( 19 »)) = A^}. 

□ 

We can then express the number one in the following way: 

1 = A[ 7 ] / ^g'S^g')) (41) 

Roughly speaking, the element A [7] corresponds to the determinant 
of the operator which measures the gauge fixing condition's variation 
under infinitesimal gauge transformations. 

It can be shown that the element A [7] is never zero. The local 
gauge fixing condition 77(7^)) = induces a well-defined section cr, q of 
the ^f-projection tt : V(A , 7r -1 [Ai]) -»• V([A ], [A^) in the space of 
paths. Since the sub-manifold defined by the image of (t v is by defini- 
tion transversal to the action of , an infinitesimal gauge transfor- 
mation of the gauge fixing condition rj (7 (t)) = will be always non- 
trivial. In this way we can argue that the element A [7] is never zero. 
This fact ensures that the connection r\ induces a well-defined global 
gauge fixing, even when the topology of the fiber bundle s/ — > si ' 
is not trivial. 
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By inserting (j4ip in (I38p we obtain 

(Ac | vr- 1 ^!]) = / W^ttA[ 7 ] / @g'6(r}(l9')))eMiS} ■ 

Jt*V(A ,w- 1 [A 1 ]) J&w 

If we now perform in the usual manner a gauge transformation taking 
■yg' to 7 we obtain 

(A \n- 1 [A 1 })= [ 9>g' f W^ttA[ 7 ] S(r]{j))) exp{iS} , 

where we have used that t 2>stfQi'K 1 A -1 [7] and S are gauge invariant. 
In this way we have isolated the infinite volume of the path group '. 

We will now follow the common procedure for finding the new terms 
in the action coming from the Dirac delta (5(77(7)) and the element 
A[ 7 ]. 

In order to find an integral representation of the gauge condition's 
Dirac delta 6 (7/(7)) we will start by finding the integral representation 
of the Dirac delta function 5ci e (&) on Cie{^) used in ( l39l) . If £ G £ie(&), 
the Dirac delta 6cie(&){0 defined as 

M 

i=i 

can be expressed in terms of the integral representations of the Dirac 
delta S (^(xj)) on g as 

M „ 

<W)(0 = ^II / dXix^U^u^))*, 

— J c$\ e il ^&) ciz{<s) 

where A is a section of ad(P) = Px G g and 3)\ = liniM YljLi d\(xj). 
The Dirac delta (5(77(7)) °f the gauge fixing condition can then be 
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N 

k=i 

N r ~ 

N k=l J 

J ^Xe 1 A $M l > x <' r i {A t( t ^s dxdt ? 

where A is a time-evolving section of ad(P) = Px G g. The final measure 
3>\ is then 

N N M 

Q}\ = lim TT ®\ k = lim TT TT 

W AA iV,M J- J- J- J- Jl 

k=l k=l j=l 

Let's now compute explicitly the element A [7]. Let X be an element 
of the Lie algebra Cie(^"^) identified with the tangent space of S?^ 
at the identity element. Given a path 7(2) G "P(A), _1 L4i]), one must 
calculate the variation of rj (7) under an infinitesimal gauge transfor- 
mation defined by X G £ie(&&). Let tt — > A; u be the uniparametric 
subgroup of <^£f generated by X by means of the exponential map 
exp : Cie(^) -> We have then X = £fc u | u=0 G Cie(&>&). 

Remark 13. The gauge fixing condition has a natural interpretation in 
terms of the geometry ofV(A , 7r -1 L4i]). The tangent space T 7 P(A , 7r _1 [Ai]) 
to V(A , Tr -1 ^]) at a path 7 can be identified with the sections of the 
pullback 7* : (T A) . The connection rj induces a map from T 7 V(A , Tr -1 ^]) 
to the Lie algebra of The tangent field 7 represents a marked 

point in T 1 V{Aq,t:~ 1 [A]\). The gauge fixing condition means that we 
will only consider paths such that the connection rj vanishes on the 
marked point 7. 

Using the description of the tangent spaces to path spaces given 
in the previous remark we can identify X with a map t — > X t with 
< t < 1 and X t G Cie{^). In order to find an expression for the 
vectors X t one must take into account that k u describes a family of 
paths in the gauge group £f parameterized by t. This means that 
k u = 9u{t) C for u fixed. To emphasize this, let us write k u (t). For 
a given t, the vector X t G Liei^S) is then given by X t = -^k u (t)\ u=Q . If 
7 G V(A , n^lAi}) we must compute 



expressed as 



(42) 
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d 

dt 



Rk u {t)i{t) 



t=t 



d 

dt. 



R k u (t )k u (t )-ik u (t)l(t) 



t=t 



dt 



t=t 



d 



t=t 



(43) 



where X u = k u (t ) 1 4 f k u (t) 



t=t 



The first term in the last equation is 



the differential of the action of k u (t). We have used that the differential 



dt 



with X 



t=t 



d-yjt) 

dt 



t=t 



of a function / is defined as df(X) 

The second term is the homomorphism from the Lie algebra of ^ to 
the vertical vector fields (see the appendix [A] for detailed definitions) El 
Let's apply the connection form 77 to each term in equation ( l4~3i) . 
Firstly, we have 



^{t )k u {t )(dR ku{to) {j{t ))) = Ad(/c M 1 (t ))^ )(7(to))- (44) 

The equality (I44p follows from one of the connection's defining prop- 
erties (see ( )55l) in the appendix [A}. The second term is 



Vi(t )k u (t ) (%(*o)M*o))PQ) - Xu 



(45) 



where we have used equation (1541) . The infinitesimal variation defined 
by X G Cie(& < 3) is given by the sum of 



d_ 

du 



(Ad(/c u (t )- 1 )r/ 7(to )(7(to))) 



u=0 



Ad(-Xt )^ r ( to) (7(t )) 
[-X to ,7/ 7(to) (7(t ))] 



4 If we use the usual form for the gauge transformation of connections (pr§|) the 
time derivative in can be expressed as 

ad(/c- 1 (i ))7(t ) + ^ (ad fc" 1 ®) t(*o) + K\t)dk u {t)) 

The first term is equal to the differential of the action dR ku ^ ( jito)) (see 
The second term is equal to the infinitesimal symmetry i( 7 (t )fe„(t )) (^«) (sec (15210 . 
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Let's now calculate this last term: 



d_ 

du 



X, 



u\u=0 



4- (kuitoy^ut) 

du V at 



u=0,t=to 



■k u (to) 



,dk u (t ) dk u (t) 



du 



dt 



+ k u (t ) 



_ x d dk u {t) 
dt du 



u=0,t=t(i 



-h{k 



Mto), 



dk u (t ) dk (t) 



du 



u=o dt 



t=t 



1 d 


~dk u (t) 




dt 


du 


u=0 



t=t 



where in the last step we used that k (t) = idy Wt. 

The infinitesimal variation of the gauge fixing condition is then 



1 \Jt Rk ^ l{t) 



M=0 



[-X t , Vl(t) (>y(t))]+X t . 



This expression defines a linear endomorphism M 7 in Lie{^^) for 
each path j(t). Equivalently, it defines a linear endomorphism M 1 (t) 
in Lie{^) for each t. 

In order to find the exponential representation of the element A [7] , 
we will introduce a Grassmann algebra generated by the anticommuting 
variables c and c. By following the common procedure, we can express 
the element A [7] as 



A [7] 



where 



N 



N M 

$)c = lim Y\ ^Ct k = lim JJ [J dc tk ( .r 



k y^jji 



k=l k=l j=l 

and the same for 0c (see Ref . |24j for a precise definition of c and c). 
By gathering all the pieces together, the path integral takes the form 

(A g \tx- 1 [A 1 })= I @g I ®£/&'ir&\&cmexp{iS g f}, (46) 

where S g f is the gauge fixed action 



S, 



gf 



d 4 x [A k it k -H - A Q( p + (A, T}(j)) B - i(c, M 7 c) 1 



By explicitly introducing the indices of the Lie algebra q, the endo- 
morphisms M 1 (t)(x) can be expressed as 



M 7 (t)(xy a = - Vl{t) (j(t)) b f c ab + 5 c a d 
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where f^ b are the structure constants of g. The gauge fixed action takes 
then the form 

(47) 

S gf = J d 4 x (A a k ir k a -Ho- A a cf> a + X aV ^) a + i(?r)(j) h f^c - ic a c a ) ■ 

The last term can be recast as +ic a c a . Therefore, this term can 
be interpreted as the kinetic term corresponding to the new pair of 
canonical variables (c,ic). 

VII. Conclusions 

The principal aim of this work was to study the quantization of Yang- 
Mills theory by using an extended connection A defined in a properly 
chosen principal bundle. This connection unifies the three fundamental 
geometric objects of Yang-Mills theory, namely the gauge field, the 
gauge fixing and the ghost field. This unification is an extension of the 
known fact that the gauge and ghost fields can be assembled together 
as lj = A + c [3] . 

The first step in the unification process was to generalize the gauge 
fixing procedure by replacing the usual gauge fixing section a with a 
gauge fixing connection i] in the ^-principal bundle srf —*■ stf ' /& '. We 
have then shown that the connection r\ also encodes the ghost field of 
the BRST complex. In fact, the ghost field can either be considered 
the canonical vertical part of rj in a local trivialization or the universal 
connection in the gauge group's Weil algebra. The unification process 
continues by demonstrating that the universal family of gauge fields A u 
and the gauge fixing connection 77 can be unified in the single extended 
connection A = A u + 77 on the G-principal bundle xP — > &/xM. In 
this way, we have shown that the extended connection A encodes the 
gauge field, the gauge fixing and the ghost field. A significant result is 
that it is possible to derive the BRST transformations of the relevant 
fields without imposing the usual horizontality or flatness conditions on 
the extended curvature F = <fi + ip + F u ([2], pE], [22]). In other words, 
it is not necessary to assume that (f> = ip = 0. Moreover, the proposed 
formalism allows us to show that the standard BRST transformation of 
the gauge field A is only valid in a local trivialization of the fiber bundle 
s$ — > s$ . In fact, equation (|2"U1) can be considered the corresponding 
global generalization. 

We then applied this geometric formalism to the path integral quan- 
tization of Yang-Mills theory. Rather than selecting a fixed represen- 
tant for each [A] e stf l<$ by means of a section a, the gauge fix- 
ing connection 77 allows us to parallel transport any initial condition 
A G belonging to the orbit [Aq\. A significant advantage of this 
procedure is that one can always define a section cr v of the projection 
"P(Aq, 7t _1 [Ai]) — > V([A ], [Ai]) in the space of paths, even when it is 
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not possible to define a global section a : — > in the space of 
fields. Since the path integral is not an integral in the space of fields 
but rather an integral in the space of paths in such a section cr^ 
suffices for eliminating the infinite volume of the group of paths . 
Hence, this generalized gauge fixing procedure is globally well-defined 
even when the topology of the fiber bundle srf — > s4 is not trivial 
(Gribov's obstruction). 

We then used the standard Faddeev- Popov method in order to intro- 
duce the generalized gauge fixing defined by rj at the level of the path in- 
tegral. The corresponding gauge fixed extended action S g f was thereby 
obtained. We have thus shown that the Faddeev-Popov method can 
be used even when there is a Gribov's obstruction. 
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Appendix A. The geometry of rj 

In this appendix we will review some geometric properties of the 
connection rj. The gauge group £f consists of diffeomeorphisms if : P — > 
P such that 7r<y9 = 7r and y?Qog) = <f(p)g (with g E G). Each element 
if E & can be associated to a map g : P — > G by </?(p) = pg(p). This 
map g satisfies g(p/i) = h~ l g{p)h = ad(/i _1 )g(|j). This description of 
the elements of £f also allows one to describe the elements of the Lie 
algebra Cie(@). These elements consist of maps q : P — > g such that 
fl (^)=Ad(/i- 1 ) fl (p). 

The gauge group £f acts on the right on =2/ via the pullback of con- 
nections. If if : P — > P is an element of and A G =2^ , then the action 
is given by: 

R^A = f* A. (48) 

This action is commonly described in terms of the function g by the 
transformation formula 

R v A = g- l Ag + g- l dg. (49) 

The first term in the right hand side of equation (l4"9l) denotes the 
composition 

a ad —i, > 

T P P ^ . (50) 

The second part g _1 <ig is the pullback of the Maurer-Cartan form u 
defined by the map g : P — > G. 

The action (|48p induces two constructions of interest. The first one 
is the infinitesimal action. This is a morphism of Lie algebras 1 : 
£ie(&) — > r(TP), where T(TP) is the Lie algebra of the vector fields 
on P. We will identify elements of a Lie algebra with tangent vectors 
at the identity. If ( E Cie(&) and ip s is a curve such that 



d 

and A E then we define 



ds s 



s=0 



^aC = -^.4 • (51) 
ds s=o 

In terms of the explicit description of equation ( l4"9l we obtain 

d 



L A ( = Ad(()A + -g- 1 dg . (52) 

s=0 



ds r 

The second action is the differential of the action of . Since srf is 
an affine space, there is a natural identification Tsf = srf © s$ ' . An 
element V E T^srf can then be identified with a connection. Let A s be 
a curve in srf such that ^yl s | s=0 = V. Then we define 

c/P^ = ^-&d(g)A s . (53) 
as s=o 
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Remark 14. The infinitesimal action and the differential of the action 
are geometric intrinsic constructions. They only depend on the vectors 
( and V and not on the particular curves used to compute them. 

The connection r/ has the following properties 

V(i(0) = £ (54) 
T){dR v V) = ad(g- 1 )r ? (\/). (55) 

Appendix B. The local form of 77 

The local form of a connection in a principal bundle is commonly 
described in terms of Christoffel symbols. This description has been 
extended to infinite dimensions in Ref.[TTl Chapter VIII]. We will give a 
brief description of the constructions involved. Let U a be a trivializing 
covering of 1*$ with trivializing functions ip a : U a x ^ — > £?\ TT ■ 
Then the pullback of r\ defines a £ie(^)-valued 1-form on U a x . Let 
v G T x ll a and w G T g £f be two tangent vectors. Then 

i/j^r)(v,w) =: -T a (v,g) + w (56) 

for a certain 1-form T a with values on the vector fields on £f . The 
1-form r a is called the local Christoffel form of r\ in the trivialization 
(U a ,ifj a ). If 7 is a path in U a , then any lift 7 of 7 to [/„ x ^ has 
the form j(t) = ( r y(t),r(t)) for a path r in Sf. Then the gauge fixing 
condition is given in local coordinates by the equation 

j t T(t)-T«(j t r(t) ll (t)) = 0. (57) 
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